This paper deals with the study of CR -submanifolds of a nearly trans-Sasakian manifold with a semi symmetric non-metric connection. Nijenhuis tensor, integrability conditions for some distributions on CR -submanifolds of a nearly trans-Sasakian manifold with a semi symmetric nonmetric connection are discussed.
X Y T X Y Y X X Y = ∇ − ∇ −
The connection ∇ is symmetric if torsion tensor T vanishes, otherwise it is non-symmetric. The connection ∇ is metric connection if there is a Riemannian metric g in M such that 0 g ∇ =, otherwise it is non-metric. It is well known that a linear connection is symmetric and metric if and only if it is the Levi-Civita connection.
In [14] , S. Golab introduced the idea of a semi-symmetric and quarter symmetric linear connections. A linear connection ∇ is said to be semi-symmetric if its torsion tensor T is of the form
where η is a 1-form and φ is a tensor field of the type (1,1).
We consider integrabilities of horizontal and vertical distributions of CR -submanifolds with a semi symmetric non-metric connection. We also consider parallel horizontal distributions of CR -submanifolds.
The paper is organized as follows: In Section 2, we recall some necessary details of nearly trans-Sasakian manifold. In Section 3, we study CR -submanifolds of a nearly trans-Sasakian manifold. In Section 4, some useful lemmas are proved. In Section 5, some basic results on parallel distribution are investigated. In Section 6, we calculated Nijenhuis tensor and studied integrability conditions of the distributions on CR -submanifolds of a nearly trans-Sasakian manifold with a semi symmetric non-metric connection.
Nearly Trans-Sasakian Manifold
Let M be an n -dimensional almost contact metric manifold [15] with an almost contact metric structure ( )
that is, φ is a (1,1) tensor field, ξ is a vector field, η is a 1-form and g is a compatible Riemannian metric such that 
for all vector fields X , Y TM ∈ . There are two well known classes of almost contact metric manifolds, namely Sasakian and Kenmotsu manifolds. Sasakian manifolds are characterized by the tensorial relation
while Kenmotsu manifolds are given by the tensor equation
on M is called a trans-Sasakian structure [4] if ( ) , , M R J G × belongs to the class 4 W of Gray-Hervella classification of almost Hermitian manifolds [16] , where J is the almost complex structure on M R × defined by
for all vector fields X on M and smooth function a on M R × . This may be expressed by the condition [17] ( )
for some smooth functions α and β on M and we say that the trans-Sasakian structure is of type ( ) , α β .
In 2000, C. Gherghe [18] introduced a nearly trans-Sasakian structure of the type ( ) , α β An almost contact metric structure ( ) , , , g φ ξ η on M is called a nearly trans-Sasakian structure [18] if
.
A trans-Sasakian structure is always a nearly trans-Sasakian structure. Moreover, a nearly trans-Sasakian structure of type ( ) , α β is nearly Sasakian [19] . Let M be an m -dimensional isometrically immersed submanifold of a nearly trans-Sasakian manifold M and denote by the same g the Riemannian metric tensor field induced on M from that of M . 
CR -Submanifolds of Nearly Trans-Sasakian Manifolds
) for x M ∈ . For any vector field X tangent to M , we put
where PX and QX belong to the distribution D and D ⊥ respectively. For any vector field N normal to M , we put ,
where BN (resp., CN ) denotes the tangential (resp., normal) component of N φ . Now, we remark that owing to the existence of the 1-form η , we can define a semi symmetric non-metric connection ∇ in any almost contact metric manifold by
where ∇ is the induced connection with respect to g on M .
By using (4) and (8), we get
Similarly, we have
On adding above equations, we obtain
This is the condition for
with a semi symmetric non-metric connection to be nearly transSasakian manifold.
We denote by g the metric tensor of M as well as that induced on M . Let ∇ be the semi symmetric non-metric connection on M and ∇ be the induced connection on M with respect to the unit normal N . Then we have:
and D is parallel with respect to ∇ , then the connection induced on a CR -submanifold of a nearly trans-Sasakian manifold with a semi symmetric non-metric connection is also a semi symmetric non-metric connection.
(
and D ⊥ is parallel with respect to ∇ , then the connection induced on a CR -submanifold of a nearly trans-Sasakian with a semi symmetric non-metric connection is also a semi symmetric non-metric connection.
(iii) The Gauss formula with respect to the semi symmetric non-metric connection is of the form
Proof. Let ∇ be the induced connection with respect to the unit normal N on a CR -submanifold of a nearly trans-Sasakian manifold from a semi symmetric non-metric connection connection ∇ , then
where m is a tensor field of the type (0,2) on CR -submanifold M . If ∇ å be the induced connection on CR -submanifold from Riemannian connection ∇ , then
where h is a second fundamental form. By the definition of the semi symmetric non-metric connection, we have
Now, using (11) and (12) in above equation, we have
Using (6), the above equation can be written as
From (13), comparing the tangential and normal components from both the sides, we get
Using (14), the Gauss formula for a CR -submanifold of a nearly trans-Sasakian manifold with a semi symmetric non-metric connection is
This proves (iii). In view of (15) 
Similarly, using (16) 
and D ⊥ is parallel withrespect to ∇ , then the connection induced on a CR -submanifold of a nearly trans-Sasakian manifold with a semi symmetric nonmetric connection is also a semi symmetric non-metric connection.
Weingarten formula is given by 
Some Basic Lemmas
Lemma 4.1 Let M be a CR -submanifold of a nearly trans-Sasakian manifold M with a semi symmetric non-metric connection. Then (
By virtue of (6), (9), (17) and (18), we get
On adding above equations, we have
Now using (6), (7) and equating horizontal, vertical and normal components in above equation, the lemma follows.
Lemma 4.2 Let M be a CR -submanifold of a nearly trans-Sasakian manifold M with a semi symmetric non-metric connection. Then
for any , X Y D ∈ . Proof. By the use of (17), we have
Also, we have
From above equations, we get
For a nearly trans-Sasakian manifold with a semi symmetric non-metric connection, we have ( )
Combining (26) and (27), the lemma follows.
In particular, we have the following corollary.
Corollary 4.3 Let M be a ξ -vertical CR -submanifold of a nearly trans-Sasakian manifold M with a semi symmetric non-metric connection. Then
Similarly, by Weingarten formula, we can easily get the following lemma. 
Lemma 4.4 Let M be a CR -submanifold of a nearly trans-Sasakian manifold M with a semi symmetric non-metric connection. Then
( ) [ ] ( ) ( ) ( ) ( )[ ] 2 , 2 , 1 ( ) ( ) Y Y Z Y Z Z A Z A Y Z Y Y Z g X Y Y Z Z Y Z Y Y Z φ φ φ φ φ φ α ξ η η β η φ η φ ⊥ ⊥ ∇ = − + ∇ − ∇ − + − −     − + +(29)Y Y Z Y Z Z A Z A Y Z Y Y Z g X Y φ φ φ φ φ φ α ξ ⊥ ⊥ ∇ = − + ∇ − ∇ − + (30) for any , Y Z D ⊥ ∈ .
Lemma 4.6 Let M be a CR-submanifold of a nearly trans-Sasakian manifold M with a semi symmetric non-metric connection. Then
Now, by using Gauss and Weingarten formulae in above equation, we have
In view of (10) and above equation, the lemma follows.
Parallel Distributions
Definition 5. 1 The horizontal (resp., vertical) distribution D (resp., D ⊥ ) is said to be parallel [1] with respect to the semi symmetric non-metric connection
). Now, we have the following proposition.
Proposition 5.2 Let M be a ξ -vertical CR -submanifold of a nearly trans-Sasakian manifold M with a semi symmetric non-metric connection. Then
for all , X Y D ∈ . Proof. By the parallelness of horizontal distribution D , we have , for any , .
For Y D ∈ , using the fact that
Therefore in view of (7), we have ( )
From (22), we have
in (36), we get respectively
Hence from (37) and (38), we have
Operating φ on both sides of (39) and using 0 φξ = , we get 
Proof. By using Weingarten formula, we have
. From above equations, we have
Using (10) and (17), we obtain 
Integrability Conditions of Distributions
In this section, we calculate the Nijenhuis tensor ( ) , N X Y on a nearly trans-Sasakian manifold M with a semi symmetric non-metric connection. For this, first we prove the following lemma.
Lemma 6.1 Let M be a nearly trans-Sasakian manifold with a semi symmetric non-metric connection. Then 
for any , X Z D ∈ .
Proof. The torsion tensor ( )
, S X Y of the almost contact metric structure ( ) 
